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Some new properties are established for Jacobi polynomials (and, in-
cidentally, also for those of Gegenbauer, Legendre and Chebyshev) which
are then used for solving an integral eguation that represents a number
of plane contact problems {(with contact along an interval) and also
three-dimensional contact problems with a circular region of contact.

1. Suppose that the linear integral operator L transforms
z™ p (x) (m=0,1,2..)

where p(x) is an integrable function, into an nth degree polynomial
multiplied by p{x}, namely

m
Lizmp(@)] =p(2) D a2 m=0,1,2..) (.10
oy
whereby
o = aff 0 (m, k=0,1,2...) (1.2)
Under this hypothesis, one can construct a family of polynomials
"
pm(2) = 2 Pad, =1 (n=01,2.) (1.3)
o

such that

L ipm (2} p (2)] = pmp (2) P () P = @i’ (m=0,1,2..) (1.4)
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Indeed, comparing (1.4) with (1.1) and taking into account (1.3), we
see that

m i m
S ™S ant = o 3,
=0

j=0 =)
Changing the order of summation on the left-hand side of this equa-

tion, and equating coefficients of like powers of x, we obtain the

second formula of (1.4) and also the system of equations

m—1

ale™ = 2 ale™ +af®  k=0,1,2..m—1) (1.5)
pa

By means of these equations we can determine the coefficients of the
polynomial (1.3), since the determinant of this system is different from
zero because of (1.2).

It should be noted that the family of polynomials mentioned will also
exist when condition (1.2) is violated if the operator L is symmetric.

Starting with system (1.5), one can obtain a formula for the deter-
mination of the coefficients ck(M). Omitting the details, we give the
final result as

m—k—% i, Mm—1
m 1 ( 2 A “iﬁr‘l?.m—k—z )
Ty kI TR L
p’m !"'k =gy p’m p’m—l
(h=0,1,2..m—2 o™ = pn—Pn_y)1a™) (1.6)
where
m—1 S=i (1) gm, m) ___ (m)
(m) a Al m,s an Ay, Apy =an
An-j = Z —p H An’j = Z w, —Hn ! AM.8 (s}
re=n41 Bm r r=nt1 '™ r ro = @

2. Let us consider the integral operator

q’ v ¥, A ZE" 7V
Ko lo @ =\ KX @ e @ d, K@y = s Wi @y @1

0

where

oo

Wi (2, 9) = \ 8, (s2) Ty (sy) ds, Wi, =W,} (2.2)
0
(Jp(z)is a Bessel function)

The restrictions which have to be imposed on (2.2} will be given
later.
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Expressing the kernel of the operator (2.1) in the form

k(z/y) ¢

- >
By =32, k@ =2 {9/ 9ds @3)

0

and setting x = aeS and y = ae", we obtain
k(™Y

&\l ;
el=(5) i —narg @ a, =200 ey

Let us now make use of the Fourier transformations

L (u) = Sl(t)ei“’dt, @ (a) =Sae—“q> (ae—) eimudy  (2.5)

Here it is assumed that ¢(y) = 0 when y > a. On the basis of the con-
volution theorem for Fourier transforms, we have

K,* 9] = (i)v+e§:75 L (u) @ (u) e*du (2.6)

Evaluating the first integral in (2.5) by the same method that was
used in [1], we find that

L (Yalp+v+rte—iu) Tl +1—h—e+iu) 2.7)
AT+ Yap—v—A—e+iu)T (Yo [l + 1+ A+ &— iu]) ’

L(u) =

If one assumes that

(2.8)
i (x) = p2MEEhEE (az _ 2)—0! = @ (x) (@=Y2—Yav,m=0,1,2,..)

then it is not difficult to evaluate the second integral of (2.5)

TQ—o)T(m+Ye[l4p+h+e—iu])
207 EVAEC (4 Lo LYy [ b v+ A e —iu])

®(u) =

Taking into consideration this last formula and also (2.7) and (2.6)
with u =y, we obtain the next formula

(HEEP (]
o e (1—w) 1
Ap[@m]—~——§;7t5;;3r—g§'x

oo

Pl +p— k—8+um0hﬂ4u+k+e—mml
S CA+Yalp—h—etiu]Chlp+ v+ -te—iul),,,

(@, =T'"@T@+n=a(@+e+2)...(a+n—1)

du
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The last integral is equal to the sum of the residues and hence

m

Kp‘}“ [(P‘m (z)l 2R Z a}fﬂl)e"(Eki-l&-ﬁ—)\)i (evi _ _Z_) (29)
k=0
=k, Tt—o)Fi+k—o+pw

ak(m‘) —
(=12 Ykl m — KN T (4 + k4 p)

(2.10)

Finally, setting e =1 - 2\, x = at, y = a7, and taking into con-
sideration (2.1) and (2.8) in place of (2.9), we derive

L* [p () 2™ = p (&) D axt™ ™ (p (1) = %% (2.11)
k=0
where
1 A v
0 )W (e, am) (n) de 1w
Lrp= ar S PP <m ) ) (2.12)

The performed operations that led us to relation (2.11), may be
justified if one assumes®* that 0{v <1, -1 < pu=y <o

In accordance with Section 1, the characteristic numbers of the
operator (2.12) are given by the formula

o (TRt m A — @) _
b = Shaem TAFmF W) T (@=m) (m=0,1,2...) (2.13)

obtained from (2.10), and its characteristic functions g  will have the
form

P () = "y () (2.14)

Here the coefficients pm(x), given by the formula (1.3), can be de-
termined with the aid of formulas (1.6) and (2.10).

However, in our case this determination is not necessary, since the
indicated polynomials are related quite simply to the Jacobi polynomials
Pm(“'ﬂ)(x). To show this, we note first of all that the operator (2.12)
can be transformed into a symmetric one by a well-known method [3, p.111]
The characteristic functions of the symmetric operator will be

* The referee of this work, N.A. Rostovisev, pointed out that relation
(2.11) can be obtained from his theorem on an elliptic stamp [2].
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orthogonal to each other, which in our case is equivalent to the ful-
fillment of the requirements

Pm (%) po () dt =0 (m = n) (2.19)

The change of variables
208 =1 — 2, pu* (&) = pn (/3 — Yy 2)

transforms (2,15) into

1
. e Y
(C=pn® @ Pt (@ dz =0 (netn)

(1 +2)°

-1

These orthogonality conditions are, however, satisfied by the Jacobi
polynomials P, M, -®) (x), Hence, on the basis of a well-known theorem
{4, p.1037], we can conclude that

¥ (1) = BuPp®™ ™ (a), () = BpPp® ™ (1 — 222 (B,, = const)
(2.16)
Taking into account (2.11) to (2.16), we now arrive at the funda-
mental conclusion that

L* (7P ()] = pt* P2 () 0] (2.17)

where

Pr(t) = P, (4 —2%) 2.18)

3. Let us now consider the more interesting particular cases of rela-
tion (2,17), and also some of their consequences.

We begin with the cases when u = v = A = 0; noting first, that on
the basis of formulas 8.962 (1) and 8.911 (2) of [4], we have the
following relations:

11"m.~vn(1 —22%) = Py (VT =42 (P, (z)is a Legendre polynomial) (3.1)
From (2.17) we obtain with the aid of (2.12), (2.13) and (3.1), the
equation
3

' o TP m(Vi - tz} 2m — )12 PRt K
a S W (at, at) «—%f-i-:?«dt =Z L};mli_ P VT =15 (3.2)

1]
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which agrees with the results of [5], where a direct proof of relation
(3.2) was given.

The case p = £ 1/2, A = 1/2. First of all we note that

aVayWs) (x,y) = L (v cos Yol z — y | + (-1 (3.3)

In order to prove this, one must take into account (2.2) and also
formulas 3.762 and 8.463 of [4]. Let us also note that formulas 8.962
(1) and 8.932 (3) of [4] yield the following relations: (3.4)

Val (m + Yyv) P70 (1= 2%) = (— )T (/,9) T (m + Uy) Cont® (0)

Pt +m 40 P (1= 26%) = (— )T (49) T (m + %) Comia (0)
(C,.% (t) is a Gegenbauer polynomial)

Taking into account (2,12) and (2.13), let us set p = F1/2, A = 1/2

in (2.17). Then using (3.3) and (3.4), as well as certain well-known
properties of the gamma functions, we obtain

1
! r Py Lo Tvta) arn
§ [ fz—yl" + {4+ } }f(i N dy = cos Yp val () (n} C.*2(x) (3.5)
<

O<z<, CE=0C, % C*=C

Zm’

2m+1 y Be==2m, n_=2m+1, m=0,1, 2,..)}

As a direct consequence of this we find that

jz—yl V(l — By T ¢os Yy val (v) ml

P Gt
S Nt e @ =iy (36)
1

From the left- and right-hand sides of (3.6) we next subtract the

left- and right-hand sides, respectively, of the following equation
(4, p.8a1]:

1
I (/a9

v 'Sl V“‘ - yZ)l“\‘

After this we let v - 0, and make use of [4, p.1044]

On @) o { SYAT (+1am)ve (n=0)
- 0 (m=1,2,3,...)

im T (Yyv) €% (z) = ;2; T () (T, () is a Chebyshev polynomial)
SR

and also of
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hl f———x_y{ Vo> (m *‘1) ? (37)
]As a result of the indicated operations we obtain the known relation
fe
1
1 1 Tn® In2Te(y) (m=0)
= S o T W = \m 7, () (m=1,2..) 3.8)

In the derivation of the consequences of relation (2.17) we shall
make use of a known theorem [7, p.263] on the representation of a kernel
of a symmetric operator as a series of products of orthonormal character-
istic functions. After the operator (2.12) has been symmetrized by the
procedure mentioned [3, p.lll], its orthonormal characteristic functions
will be given, on the basis of (2.14) to (2.17), b

fotR [2(1+2m+p.—m)m!l‘(1+m+u-m) 2
Td+m+wWld+m—o){d—a)®

Here we have made use of formula 7.3911 from [4]. We thus have ob-

tained from relation (2.17) and from the theorem mentioned, the follow-
ing expansion:

]'/’ P (1) (3.9)

AW V(at, ar) o DPA4mbp—a)P, PP, " (7)
Bl — }Em m
2t ) D R E T (ES eSO (3.10)

As particular examples of this, or as a consequence of relations
(3.2), (3.5), (3.6) and (3.8), we obtain the following expansions:

a S Jo (axs) J4 {ays) ds =
8

o o i e
@m— HIP, (V1—29) Py (V1—9)
=2 2mITE (G L O y<y)

=0

& vf2 vja
i i 2T (L) C ) C L2 ()
lz—y” — @+ y) " cos Y val (v) (n, + 9" 0Lz, <)

me==0
(C.* = Cap, C*=C,, % n,=2m, n_=2m +1)

1 27 () Cp2(2) Cn”? ()
le—y[  costaval (v} 4 Z (m & 15 w1 (—i<n ¥y
Ty () Ty, )
In leyl =1In2+2 Z-’r'*-*"w (—1<=, y<1)

me=1
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We note that these series, as well as the series in (3.10), are con-
vergent in the mean [7].

4. Let us now consider the integral equation
a
VKo @ e@dy=f@)  0<s<a (4.1)
0
Certain contact problems in the theory of elasticity can be reduced
to this integral equation when y =p =n, € = A = 0 (see [1,5,8]). These
contact problems involve circular contact regions (v = 0) in the form
of a usual half-space, or half-spaces with a variable (by the power law)
modulus of elasticity (v # 0). Other contact problems covered by this
equation belong to the nonlinear theory of plasticity (in their first
approximation) with the same type of contact regions.

We shall show that the above-mentioned plane problems can also be
reduced to the integral equation (4.1).

Arutiunian [9] has shown that the plane contact problem of the non-
linear theory of plasticity (in its first approximation) can be reduced
to the integral equation

S — L dy =1 (z]<a) (4.2)

o lz=yl

L.A. Galin has reduced the contact problem of elasticity theory in a
hal f-space with a modulus of elasticity that changes according to a
power law to the same integral equation.

If one denotes by p,*(x) the solution of equation (4.2) for the even
right-hand side of fi(x), and by p_*(x) the solution for the odd right-
hand side f (x), then it is obvious that the finding of the solution of
equation (4.2) is equivalent to solving the following two equations:

u : *(y) dy = +<a 4.3
\[ Tt e P W =@ osi<o @)

Taking into account (3.3) and (2.1), we can now conclude that the
above-mentioned plane contact problems for the symmetric case can be re-
duced to the integral equation (4.1) with y = p=-1/2, A =1/2, ¢ =0,
and for the skew-symmetric case to the same integral equation with
y=u=1/2, A =1/2, € = 0.

In regard to the plane contact problems for the ordinary half-spaces,
which, as is well known [10], are equivalent to the following integral
equations:
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1 17 _
E\)[Inmi—}nmjpi(y)dwa:(@ O<=<xa) (4‘4)

it can be said that they also are covered by equation (4.1) since their
solutions, in view of (3.7), can be obtained by the limit process from
the solutions of equation {4.3).

Thus the application of relation (2.17), and its special cases, makes
it possible to obtain the solutions of the above-mentioned contact prob-
lems in the form of power series in terms of classical polynomials. This
type of solution will be used in Section 5.

Here, however, we shall construct the solution of the integral equa-
tion (4.1) in the form of quadratures. At the same time we shall obtain
a general formula which will express the solutions of spatial contact
problems with a circular contact region, as well as plane problems with
an interval of contact.

First we note that equation (4.1) can be reduced to an integral equa-
tion of the Wiener-Hopf type of the first kind. Indeed, setting in (4.1)
(4.5)

2= aet, y=aen, e act =y (8, flae?)aretoi = g

and taking into account (2.3}, we obtain

o

Vie—maman =g 0<E<0) (4.6)

a4
where I(t) is given by the second formula of (2.4).
In order to obtain the solution of equation (4.6), it is sufficient
to obtain one for the more simple equation [1]

Si (8 — n) xz () dn == €= (&, Im >0 (6.7)
Q@

and then make use of the formulas

oo

@ =4 6-on@a  cw={sg®evar @8
O

)

Utilizing the method described in [1] for the solution of equation
(4.7) (compare also [5]), we are led to the equations



1264 G.Ia. Popov

1. a Y _(— ) gYRee O ‘
% (@)= 2% (I } Pt +p—1+7D) {V(ae e
a
Py pedif (e »
-+ pid \ l xz)l s OLzLa) (4.9)
x

(W (=0 =2""T U+ Yo [p— v—h—e—~LPT (R [t + ¥ —h —e—iT])

After obtaining the solution x;(§) of equation (4.6) for a special
right-hand side, one can derive tée solution for the general case with
the aid of formu}a (4.8). However, 1t is more convenient to use for
this purpose the known result of Krein [11] (compare also [1]). In view
of (2.1}, equation (4.1) can be written in the form

(W @@ dy =1  ose<a (4.10)

where

* (x) = zv%g (x), * (z) = 27 (2)

1-A-g

It can be shown that the function ¢r(x)x is a solution of equa-

tion (4.10) when
F* (z) = aig—v-r-e-it

and the solution of the integral equation
\Woi' @ g @ ady=1 o<s<o (4.11)
L]

is, therefore, given by the formula

g, U @) =y la %o, Wlioi v (4.12)

Taking note of (2.2), it is not difficult to see that the solution
of the integral equation which is the adjoint equation of {4.11), will
be given by the same formulas (4.9} and (4.12). Hereby, however, one
must interchange the parameters W and vy.

Having obtained the solution ¢ Y(y; a) of the integral equation
{(4.11), and the solution 7 M(y; @) of the adjoint equation for the con-
struction of the solution of (4.10) or (4.1) with arbitrary right-hand
sides, one can make use of the formulas of Krein [11]. These
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computations yield (see [1]) the result*

. 21""3;““‘3"‘”5 { ® ()
L A T I CA (e a | U= A
¢ @’ (u) du . d a Sl+p'_}‘f(s) ds
_S VW}’ D (a) = a ¥ da%‘/m

The formal procedure for obtaining formula (4.13) can be justified
if one assumes that 0 <Cv<l, lu - vl <1 +wv, and if one requires that
the function x! u"7‘f(x) be continuous in 0 <<x <C1.

Substituting the appropriate values of the parameters in the derived
formula (4.13), one obtains the solutions of the contact problems
mentioned at the beginning of this section. For example, in order to
obtain the solution p,*(x) of equation (4.2) with an even right-hand
side, one must set y = p =-1/2, A = 1/2 and ¢ = 0 (taking note of
(4.3) and (3.3)). This yields

23
217 cos Y, val (v) @ (a) @ () du
* —
p (@) = A2 (3 + zv) [V(a” e ;c ) o = ] (4.14)

- d( fu(s)ds
(0} (a) al—v S#_#—V(Z =

which coincides with the result obtained by Arutiunian [9] if one
corrects the error in his result where the factor 1/2 was omitted in
the fornula for M(a).

Let us also find the solution of the plane contact problem for the
ordinary half-space, i.e. the solution of the integral equation (4.4).
If one takes into account equation (3.7), one can show that

p, (@) = lvfgl p,*t (z) (4.15)

* The integral equation (4.10) with p = y has been solved also by N.I.
Ahiezer and V.A. Shcherbin [12], and independently of them, by V.I.
Mossakovskai and N.A, Rostovtsev [2] (with a kernel different from
the one used here). The solution methods of these authors can be ex-
tended also the case when pu 7 y. The advantage of the method given
here lies in the fact that it yields the solution of (4.10) or (4.1)
even in the case when (2.2) contains products of functions of a more
general type than Ju(x), and also when the kernel is the sum of
functions of the type (2.2).
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where pvi(x) satisfy the following equations:

a ] . . d ) )
§[|x—y1” + @+ y)° ]”v (W) dy =1, + v/ (x) (4.16)

Y, =2 S P, (y)dy, 1, =0
0

The solutions of these equations ar-, however, easily found by the
use of the general formula (4.13). O .itting the details, we give here
the final results

1 ¢ fi(s)ds 1 a(D ‘ (u) du
pe(z) = [(D (@) — i a g Vae— ss:} Vea—2 _ % V+37C7‘}
2 O GCD u)d
p(2) =22 [ =0 (TRl ] (4.17)
RES

@, (a) = a*? d‘i 81/ =1, (s) ds

The obtained solution p;(x) for the symmetric case can easily be re-
duced to the form found by Rostovtsev [10], and by Krein [11,13].

5. Let us apply relation (2.17), obtained in Section 2, to contact
problems with bases of general type introduced in [1.5,6]. In the last
one of these works it is shown that the contact problem with a circular
contact region can be reduced to the integral equation

a

ety =@  O<e<a a=01,2..) G
0
where
K,(z,9) = g G (1) Jp‘ (tz) Iy (ty) dit (5.2

Q

The function G(t), whose form is determined by the type of the basis
(contact region), has the asymptotic property

G =t'1 4+ o], t— oo (5.3)
On the other hand, the plane contact problem with a contact interval

(-2, a) can be reduced, in accordance with [6], to the integral equation

dr
Gt €0S v ——

QMB

T\ re— VP @ =rE (ei<a 20 =
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By separating the plane contact problem into the symmetric and skew-
symmetric parts, we can reduce the last integral equation, by the method
used in (4.2), to the form

a

SK:F’/, (z,9) Vayp,*(y) dy = g.* (2) <2<
0

Let us introduce the equation

a

k@ @ wma=1@  0<z<9 (5.4)
0

It is easily seen that it is general enough to include the contact
problems with circular contacts

Pp* (@) =19 (@]r=p, p=n (n=20,1,2,..)

as well as plane problems (with one contact area)
py* () = [zp (@) Irmy, p=TY,

For the approximate solution of equation (5.4) we shall use the method
of [5], which is based on the separation of the singular part from the
kernel and on the approximation of the remaining continuous part by
means of polynomials.

Taking into account the asymptotic property given in (5.3), we can
express the kernel (5.2) in the form

N

K, (@ 9) =W, (@, ) — @y)* D} 4,M; (2, ) (5.5)
k=0

where the singular part is determined by formula (2.2), while the con-
tinuous part is approximated by the partial sum of a series of poly-
nomials of the type

k

M, (z,y) = D) a,@2FDy¥ (k=0,1,2...) (5.6)
i=o

Substituting (5.5) into (5.4), and setting

c=af, y=an, o (at)=1x )

we obtain in place of (5.4) the following approximate equation:

1 N
. ®

a”"& [Wp“ (ak, an) — (%2?) 2 AM (aE, an)] ED*x (M dn=7(@F) O<ESY
0 k=0 (5.7
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whose solution we shall try to find in the form

S S ) 1—v
== Y —— e —— =3 5.8
=2 e ) e

In order to find the unknown coefficients Ym we substitute (5.8)
into (5.7) and make use of relation (2.17). Next, using the orthogonality
of the Jacobi polynomials, we integrate each term of equation (5.7) with
respect to § over the interval (0, 1) with the weight

B (1 — )P (B)

and derive

N-I N
MY, —alte Sy S 46%B O = (1=0,1,2...N) (59

m=0 max(m, )

Yi=M WV << o)

where
v_aT2 k—1
=2_P (1 +l--‘0) B 0 Za ) :(l)b-(m)
T atr—a)’ me g e

1 gleentop P> (2) { 0 (k> n)

6,8 =\ dt = Y T+t WT U +k—)
§ -8 Ha—Blor@et+kfntp_w) *SM
1

g (ag)
h= Y ame

In the evaluation of the integral which determines bn(k) we have made
the substitution 1 — 262 = x, and then made use of formula 7.391 (4) of
[4]. It is important to note that system (5.9) has a triangular matrix
of coefficients.

PFE)E (1=0,1,2...)

In addition to finding the solution of equation (5.7) in the form of
an infinite series (it will be a series only if the right-hand side is
not a polynomial) one can find it also in the form of quadratures by
using the same arguments as those used in Section 4 of [s].

It is helpful to note that if one uses the procedure described in
that work for the approximation of the kernel (5.2) in the form (5.5),
then one must set

4y = KTU+k+p) ’ o (¥ CS) )
M E—NT A +k—i+mTA+7 T8 ET FRRT A E A
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A A

v A —1 Gt
Cr( )=S [SV—G(S)] fds (r=—1,0,1,2..), C_],(v)= p —S ——(‘2dt
(] 0

in equation (5.9).
The number A has the same meaning here as in the cited work.

Obviously, this method (which is convenient to use when the function
G(t) converges rapidly to tV as ¢t — ®) is not the only one for obtaining
an approximation of (5.5).

We note also that in some instances it may be advantageous not to ex-
pand the continuous part of the kernels (5.2) into a series of poly-
nomials of the type (5.6), but to express it as a double series of
Jacobi polynomials (or in special cases as series in Gegenbauer,
Legendre or Chebyshev polynomials).

6. The expansions obtained in Section 3 are useful for solving certai
integral equations of the second kind. We shall show this by means of

[14]

1
[ i . _
e+ iyt e@ar=r@, —t<i<t (6.4)

Denoting the solution of equation (6.1), when f(§) = 1, by x(i). we
substitute into it the expansion for the logarithm (Section 3). By term-
wise integration we obtain

20 1
x®=1—-2 2,70 (=g t@OT, @) (6.2)
m=1

-1

Multiplication of both sides of the last equation by Tn(g), and inte-~
gration, yield the following infinite system

w
2
nXp= Apy— = 2 A X (n=1,2,3,... ) (6.3)

m=1

A,.=0 (n4m=1,3,5...).
Am=1— @+ a2 — (=01 (n4m=246,..

Having considered an even system (6.3), i.e. the case when n = 2g¢q,
and an odd system when n = 2q — 1, one can show that

o 1
ZAnm=g;§:z (g=1,2,3,...00)

m=}

Taking into account this last equation, we can easily obtain the
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condition for the regularity of the infinite system (6.3) in the form
¢ < 157, Having found the approximate solution of system (6.3) (for
example by terminating these expansions at a certain place) we have ob-
tained an approximate solution also for the integral equation (6.1)
with f(§) = 1. The solution of the integral equation with any right-
han% s;de is not difficult to find now with the aid of formulas given
in t11;.

In conclusion the author wishes to express his gratitude to N.A,
Rostovtsev for a number of valuable suggestions which were made in the
process of refereeing this work.
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